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Shi-aki Hyopo
Toyota Central Research and Development Labs., Inc., Nagakute-cho, Aichi-gun, Aichi 480-11
(Received March 3, 1990)

The depolarization ratio of a molecule having T4 symmetry has been expressed in terms of the mean-square

fluctuation of the local field which is felt by a molecule in the condensed phase.

The fluctuation of the

polarizability at each position in the scattering volume was found to dominantly affect local-field fluctuation.
The concentration dependence of the depolarization ratio for the »1 Raman line of carbon tetrachloride in a
carbon disulfide solution could be well described by this expression.

The depolarization ratio of Raman spectra, p, for
linear polarized incident light sources is defined as

3 y2
Gy W
where
1
a= ? (odxtasytats)
and

V2= [(ox—ay)? + (0gy— %)+ (ah—0kx)?].

Here, af, is the op-component of the Raman scatter-
ing tensor. Using this relation, p can supply much
useful information concerning molecular structure.
It 1s easy to imagine that p also includes information
about intermolecular interactions and/or the aggrega-
tion structure of molecules in condensed phases.
The depolarization ratio of the »; Raman line of
liquid carbon tetrachloride is an example of such
phenomena. This depolarization ratio should be
exactly zero in an isolated molecule, since the relation
0ix=ajy=a% is satisfied. However, it has been
reported by many authors!-® that the depolarization
ratio has an experimental value that is not exactly
zero. The isotropic effects of chlorine atoms were
quantitatively analyzed and were found to contradict
information regarding the origin of this finite value of
p.”®  This p value came to be considered to originate
from some intermolecular interactions. Its detailed
mechanism, however, had not been discussed until a
report concerning the fluctuation of the local field?
appeared.

Hyodo and Fujiyama proposed a model for explain-
ing this finite value of the depolarization ratio.?
They considered that a molecule is subjected to both
the direct field of a light wave and to an indirect field
caused by the dipoles of surrounding molecules
induced by the light wave field. Such a field as the
latter is a so-called ‘“local field.” 1In this case, it
depends only on the relative positions of the mole-
cules surrounding the central molecule, because both
the polarizability tensor and its derivative with respect

to the »; normal coordinate have spherical symmetry.
The local field fluctuates by some magnitudes and
directions because of the thermal motion of molecules,
therefore causing finite depolarized scattering.
Nishikawa and Iijimal® calculated this depolarization
ratio based on the formula of Hyodo and Fujiyama.
Their own local-lattice structure model for liquid
carbon tetrachloride was found to be quantitatively
describable as the observed depolarization ratio. The
pressure dependence of this depolarization ratio could
be explained by a local field fluctuation up to 108 Pa
by Tkawa and Whalley.9 This fluctuation was also
found to significantly affect the solvent-mixing frac-
tion dependence of the depolarization ratio for the »;
Raman line of the perchlorate anion in mixed-solvent
solutions of lithium perchlorate.1t)

On the other hand, Murphy et al. reported the
concentration dependence of the depolarization ratio
of the »1 Raman line of carbon tetrachloride in various
binary solutions.® Unfortunately, however, the for-
mula of Hyodo and Fujiyama was derived under the
assumption that explicit information of the local
structure is known. Since the proposed explicit
structure models are based on X-ray diffraction data
for pure liquid carbon tetrachloride,2-14 this formula
is numerically calculable. The local structure in a
solution, on the other hand, seems to be very compli-
cated because of the many possible combinations of
multicomponent species. The formula of Hyodo
and Fujiyama may be too hard to apply solutions.

One possible idea regarding its formulation has a
similar basis as work undertaken by Ladanyi and
Keyes!5-18) just before the local lattice model® was
proposed. Their work concerned the local field effect
on the Rayleigh scattering intensity. They explained
and averaged from the standpoint of statistical
mechanics the effect of induced polarization on each
molecule, as well as the treated electric field induced
from the dielectric continuum, and obtained a
detailed, accurate expression of the local field effect on
the light scattering intensities. The local field effect
on the Raman scattering intensity seems to be
explained in a similar way. However, the local field
effect of Ladanyi and Keyes cannot be expected on
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Raman lines in usual liquids or solutions, since the
term of intermolecular interaction among permanent
dipoles has significant effects on the intensity of
Raman scattering in such cases. Computer simula-
tion is an indispensable process because it gives terms
which cannot be extracted from experiments.!® In
the present article, a formulation similar to that of
Ladanyi and Keyes is applied to the expression of the
fluctuation of the local field on the Raman scattering
intensity. An equation with only experimentally
observable quantities can be derived by transforming
their expression into an expression that is slightly
rougher.

The effect of the local field was first introduced by
Kakimoto et al. in order to explain the depolarization
ratio of the »; Raman line of a T4 molecule with
concentration dependence.2® However, their idea
included no consideration of the fluctuation in a
medium. Their work caused some confusion because
of its failure to consider fluctuation effects.
Although the formulation of the present work is
essentially different from theirs, it is much indebted to
their preliminary work which established the
problem.

In the present article, we have tried to express the
fluctuation of the local field in a binary solution
without any detailed information concerning the local
structure. The local field fluctuation was formulated
by including terms involving the fluctuation of the
polarizability at each position in the scattering
volume. A solution consisting of carbon tetrachlo-
ride and carbon disulfide was considered to be an ideal
mixing solution. This is the reason why the solution
was chosen in the present study.

Experimental

All of the chemicals used in the present study were com-
mercially available products without further purifications.
The concentrations of involved solutions were xcc,=1.0,
0.8, 0.6, 0.4, and 0.2, where xccy, is the mole fraction of
carbon tetrachloride in a carbon disulfide solution.

The polarized and depolarized components of the »;
Raman line of carbon tetrachloride were measured with an
NR-1000 system (Japan Spectroscopic Co., Ltd.). The 488
nm line of an Ar* laser (NEC, GL.G 3300) was used as the
excitation light source at 700 mW power. Polarization
measurements were made using a Kenko PL filter mounted
in the pathway of the scattered light. The slit widths of the
double monochromator were chosen to be 250, 500 (with two
slits), and 250 pm for the incident, middle and exit slits,
respectively. The slit height was setat 1 mm. The Raman
spectra were recorded at 25 °C.

The extinction coefficient of the polarization filter, 8, and
the transmittance ratio of the spectrometer for the polarized
and depolarized components, vy, were simultaneously deter-
mined using a W-X lamp (The Eppley Lab., Inc.) at the
peak position of a ;1 Raman line (ca. 460 cm—1) with 488 nm
excitation. These instrumental factors were determined by
a method which used a relation among the expected intensi-
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ties from different polarization configurations. This rela-
tion with two polarization filters completely identical with
each other is presented in Ref. 21 (also see Appendix). The
instrumental factors, 8 and -y, thus obtained, were used for
an intensity data correction. The depolarization ratio
of a Raman line, p, is determined with B and v, as
1 I,L—8I1
=Bl @)
vy =Bl
where I and Iy are the integrated depolarized and polarized
intensities for this Raman line, respectively.

Theoretical

The intensity of Raman scattering is proportional
to the mean-square polarization induced on molecules
with a respective Raman frequency. Polarization
measurements decompose this intensity to the compo-
nents of a laboratory-fixed Cartesian coordinate sys-
tem (X, Y, Z). When linear polarized incident light is
used, the polarized and depolarized components of the
scattering light are parallel and perpendicular, respec-
tively, to the direction of the incident light polariza-
tion. For the v1 Raman line of a T4 molecule, the
symmetry of the molecular vibration shows no inten-
sity for the depolarized components, as can be seen
from eq. 1. The possible depolarized intensity of this
Raman line is produced by symmetry degradation due
to some kind of intermolecular interaction or local
field and its fluctuation. In order to estimate the
effect of the local field on the depolarized intensity, the
mean-square value of the local field is given in this
section.

Consider a molecule 7 at a position R; in a scattering
volume v. This molecule feels a local field originat-
ing from induced polarization at each position R in v.
The local field fluctuates in both magnitude and
direction, depending on the molecular arrangement
around R;. If we choose the incident light beam as
being Z-polarized, the depolarized components of the
Raman intensity are X- and Y-polarized. A compo-
nent of the coordinate (X, Y, or Z) is denoted here as g.
Assuming isotropic polarizability for all positions, the
g-component of the local field, F¢(R:), is expressed as

Fo(Ri)=/, a(R) lgz(R—R;) dR. (3)

For this simplified expression, the component of the
dipole operator tensor, lge(7), 1s defined by

3 1g¥e—08gg1?
leg(N=—""", (4)

75
where
TE|7| =\/rx2try? +_r;2_

Here, 84 is the Kronecker delta. Equation 3 is inte-
grated in order to consider the contribution of the
polarizabilities on all positions. If we take the
molecular viewpoint, this integration must be substi-
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tuted by a summation over all positions of the mole-
cules. However, to actually carry out this summa-
tion, detailed information is necessary concerning the
molecular arrangement. Integration over all posi-
tions, including the no-molecule point, is carried out
for the expression of the local field in Eq. 3. In the
case of isotropic polarizability, the depolarization
ratio, p, of the Raman line noticed here can be calcu-
lated as
4 (Fg?
1+H4<F2>

where g’ is X or Y and the brackets {---)> denote the
averaging value over all possible arrangements of the
molecules. Factor 4 in Eq. 5 arises from the fact that
the two frequency components, Rayleigh and Raman
parts, of both F¢ and Fz contribute to the intensity of
this Raman line in apparently the same way,® as
shown in Eq. 5. Here, a(R) is decomposed into two
parts: an invariable part, &, and a fluctuating part,
Aa(R). Fg(R;) can be rewritten as

Fo(R:)=&f, l;z(R—R:)dR +, Aa(R) lyz(R—R:)dR
=[ A«(R)lz(R—R:)dR,  (6)

where the integral of l;z(R—R;) is zero when the
explicit expression of Eq. 4 is considered. If the
correlation of the space dependence of Aa(R) is neg-
lected, the mean-square value of Fg(R;) is

F(R)D=w [ dR’[, {A(R) l;z(R—R:)}?> dR
+wff gog <Aa(R) Aa(R') lozs(R—R:) lgz(R'—R:)> dR dR’
=wf dRf, {A«(R)}2) {lozz(R—R.)}? dR, (7)

where w is a statistical weight. Since the dipole
operator tensor, of course, does not depend on the
molecular arrangement, the averaging procedure
affects only {Aa(R)}2in Eq. 7. The last expression of
Eq. 7 is derived from this fact. On the other hand,
the homogeneity of the medium allows one to replace
{Aa(R)}?> with {(A@)?), a position-independent
mean-square quantity of Aa. Equation 7 can be
expressed by

HF(R) =wl(Ac)? [ AR’ [ {lz(R—R)}? dR.  (T')

If the assumption of the space-independence of the
Aa(R) correlation in Eq. 7 is rejected, details concern-
ing the distribution functions are required. The con-
tribution of the pair-distribution function is consi-
dered in Ref. 9 and that of the triplet-distribution
function is discussed in Ref. 6. Equation 7’ can be
calculated numerically using the formula [gz(R—R;).
For multi-component systems, however, the integra-
tion ranges for each- component are different from
each other, since the radial ‘part of this integral is
restricted by the smallest distance between pairing
molecules. The correlation between {{Aa(R)}2) and
the integration range, therefore, still holds for multi-
component systems. For one-component systems,
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the problem concerning the integration range is not
very complicated. Equation 7’ is-rewritten here for
one-component systems. In order to consider the dis-
creteness of molecules, the polarizability, ag, at a no-
molecule point is introduced. At that point, ag¢ is
obviously zero. When the probability of finding a
molecule at the position is denoted as P, &, and
{(Aa)?) are expressed as

a=Pay+ (1—P)ay=Pay (8)
and
{(Aa)?y =P (a—an)f+ (1—P) (d—ay)?
=P (a—aum)?+(1—P) (Pay)?
=P (1—P) an 9)

Here, ap is the polarizability of the molecule in this
one-component system. By inserting Eq. 9 into Eq.
7’ and integrating Eq. 7, the mean-square value of
Fg(R;) for one-component systems can be written as

({Fg(R,-)}2> =CP (1—P)au®N42(d/M)?, (10)
where

2 n2/15 for g=x or y.

8 n2/45 for g=z

Further, Na, d, and M are Avogadro’s number, the
density of this system, and the molecular weight of the
component molecule, respectively. In the derivation
of Eq. 10, the following relations were used:

4 M
ad NA:—
d
and
(ny d 4 |\ 1
w=——=Npx—=|\——a| ,
v M 3

where a and {(n) are the molecular radius and the
mean-number of molecules in volume v. The range
of integration, as well as the radial part of the integral
in Eq. 7/, was taken from 2a to infinity.

The quantities of molecules are included in Eq. 10
as ay, d, and M. A new variable, Q, is introduced in
Eq. 11 in order to calculate Eq. 7’ for multi-
component systems, although the problem concern-
ing the range of integration cannot be determined yet.

Q=ou Na d/M. (11)

Using this variable, Q, we can assume that Eq. 7 is
transformed into

{F(R) 1> =C {(AQ)®. (12)

Equation 12 is similar to Eq. 10 derived from Egs. 8
and 9 in the relation between Q and {(AQ)2>. The
use of Q for each component makes it possible to
express the complicated relation of Eq. 77 without any
knowledge of the correlation between {(A«)2?) and the
range of integration in this equation. Therefore, the
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following relations are expected to hold for a binary
solution with A and B components:

Q=P {xaQa+(1=x4)Qs} +(1-P) Q4 (13)
and

(AQD=P {xa(Q—Qa)2+ (l—xA)(Q‘gB)z}
+(I-PYQ—Qs?2% (14
where Q4=0 because ag=0. xa is the mole fraction of

component A. If analytical transformations are
made for Eq. 14, the following relation is derived:

{{Fg(Ri)}2>= C[PAQa—Qr)? x4 (1=xa)
+P (1-P) {(Qa*—Qs? xatQs?}].  (15)
The equality between Eqgs. 15 and 10 is confirmed
again when xa=1.

A simpler formulation can be taken if the range of
integration is ignored. However, the lower limit of
the integration range as well as the radial part of the
integral in Eq. 77 must be given as the mean-value of

radial part {
of integrand Y
A

{c
)

v

Y

region of integration

v

[(d
7

A\

Fig. 1. Schematic view of the problem on the lower
limit of the integration range along with the radial
part of the integral in Eq. 7. 7y mean-value of
nearest-neighbor distances. rs:. nearest-neighbor
distance between the T4 molecule and a component
molecule of smaller size. 7.: nearest-neighbor dis-
tance between the T4 molecule and a component
molecule of larger size. Shaded regions were parts
omitting the contribution of integrand for the for-
mulation with the mean-value of nearest-neighbor
distances.
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the nearest-neighbor distances in this case. Since lgz
(R—R;) takes a large value at short distances, the
contribution of a component molecule of smaller size
cannot be satisfactorily considered in this treatment.
A schematic view of this problem is given in Fig. 1.
As a possible formula based on the above simpler
formulation, the following expression can be derived:

(Fo(R:)E> = C[PYaa—as)? xa (1—xa)
+ P (1—P) {(aa?—as?) xatas?}]
XN4[d/{Ma xa+Ms (1=xa)}1%,  (16)

where d is the system density. The error originating
from adopting the mean nearest-neighbor distance is
not thought to be very large when xa=1 and 0, since
d=~da when xs=~1 and d=~ds when xa=~0. On the
other hand, Eq. 16 can be underestimated when
0<x4<1, since this equation omits part of the contri-
bution of lgz(R—R;) at short distances (The shaded

depolarization ratio for v, Raman line of CCl, 11072

0.0 02 04 06 08 10
mole fraction of CCl,

Fig. 2. Observed and calculated depolarization
ratios of the »1 Raman line of carbon tetrachloride
in carbon disulfide solution. Circles with error
bars are observed values. Straight and broken lines
are curves calculated by Egs. 15 and 16, respectively.
Lines marked “a” are the values for P=0.74, while
those marked “b’” are the values for P=0.68.
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region in Fig. 1). Therefore, we must notice that Eq.
16 possibly gives less quantitative results, except for a
system constructed using components of similar size.
The use of distribution functions can result in
another explicit formulation of {{F,(R;)}?) based on
some fundamentals from statistical mechanics.
Equation 15 is substituted for that derived from this
formulation. One example of the use of distribution
functions for a pure liquid was given in a previous
report.? However, numerical calculations using this
formulation are impossible if explicit information
concerning the distribution functions is not given for
an object system. This proves that Eq. 15 is useful.

Results and Discussion

Figure 2 shows the depolarization ratio, p, of the v;
Raman line of carbon tetrachloride against the mole
fractuon, xccl,, of carbon tetrachloride in carbon disul-
fide solutions. The instrumental factors of Eq. 2 for
deriving the depolarization ratios, 8 and v, resulted in
0.0021 and 0.360, respectively, at the wavelength of
this Raman line with 488 nm excitation. The
observed depolarization ratios are indicated by open
circles with a vertical bar through them. These verti-
cal bars indicate the statistic errors, which include the
uncertainties of the B8 and <y values. The observed
depolarization ratios increase with the carbon tetrach-
loride diluted with carbon disulfide along with a
curve opening downwards. The extrapolation of
this curve to infinite dilution almost duplicates the
depolarization ratio of neat carbon tetrachloride.
These depolarization ratios agreed fairly well with the
previously reported data.322)

The depolarization ratios calculated using Eqgs. 15
and 5 are also shown in Fig. 2 as straight lines. The
parameters used for these calculations are listed in
Table 1. The density data were obtained from Ref.
24. The probability of finding a molecule, P, was
defined by simple geometrical calculations for the
occupation volume of hard spheres in three types of
packing. Calculations regarding two cases of the P
value are shown in Fig. 2. The cases for fcc and hcp
are indicated as a, while that for bcc 1s indicated as b.
The results obtained by using Eq. 16 are also shown in
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Fig. 2, as indicated by broken lines in the same
manner as those from Eq. 15. The density data were
interpolated between each pair of neighboring data
points for calculations using Eq. 16.

The observed relation between the depolarization
ratio and the mole fraction, p-xcci, can be well
explained by Eq. 15, because the factor of xa (1—xa)
must have a positive value. Putting the parameters
listed in Table 1 into Eq. 15, the depolarization ratio
when xcc1~0 1s found to be almost twice as large as
that when xcci~1. The calculated curves of Eq. 15
satisfy the experimental p-xcc, relation for both the P
values adopted here. An X-ray diffraction studyl®
confirmed that the local structure of pure liquid car-
bon tetrachloride (xa=1) 1s bcc. A more explicit
expression for the depolarization ratio than that given
in the present article resulted in 0.0042, supporting the
local bcc model 819 The calculated value for P=0.74
(fcc and hcp cases) at xa=1 must be considered to
accidentally agree with the observed value. It is not
known why these two P values are adopted quantita-
tively. However, Eq. 15 is sufficiently qualitative to
express the observed concentration dependence of the
depolarization ratio.

The calculated depolarization ratios of Eq. 16 with
both two P values show curves opening upwards,
although those of Eq. 15 are curves opening down-
wards. Since the polarizability fluctuation term in
Eq. 16 shows a curve opening downwards, the figured
tendency that Eq. 16 shows must be dominantly des-
cribed by the term involving the mean density of these
solutions. The use of the mean density of the solu-
tion omits the contribution of a component at short
distances, as was stated in the previous section. A
qualitative disagreement of Eq. 16 with the observed
data, therefore, occurs. This fact seems to stress the
necessity for considering the nearest-neighbor distan-
ces in binary solutions.

It was found that Eq. 15 qualitatively predicts the
fluctuation of the local field by comparing the
observed and calculated depolarization ratios of the »;
Raman line of carbon tetrachloride in carbon disul-
fide solution. Also, the agreement between those
values was observed within about 10% each for the
cases of the different P values, although no quantita-

Table 1. Parameters in Egs. 15 and 16 for Binary Solution
of Carbon Tetrachloride and Carbon Disulfide
CCl4 CSq
Polarizability® (au/A3) 10.5 8.74
Molecular weight (M/gmole-1) 154 76
Mole fraction (xcci,) 1.00 0.75 0.40 0.16 0.00
Density” (d/gcm™3) 1.5845 1.5237 1.4197 1.3310 1.2558

0.74 for fcc and hcp packing

P 0.68 for bce packing

a) Ref. 23. The trace of the polarizability tensor was taken for carbon disulfide. b) Ref. 24.
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tiveness of the theoretical accuracies was guaranteed.
As a result, the sufficiency of Eq. 15 was not very bad
regarding quantitativeness. The derivation of Eq. 15
was made for completely random mixing. Fortu-
nately, this equation can easily be expanded to involve
solutions containing an ideal associated complex?5) by
redefining the concentration of the respective species
under consideration in which the associating species
are treated as being different ones from the individual
component. This fact shows that the concentration
dependences of the depolarization ratio are different,
depending on the system with different association
numbers. The determination of the association
number must be made experimentally using Eq. 15.
This determination is one of the most difficult prob-
lems to be solved, because of the insufficient experi-
mental accuracies of our instrumental set-up.

Concluding Discussion

The fluctuation of the local field was expressed in
terms of the fluctuation of the polarizability at each
position in the scattering volume. The formulation
was made by distinguishing the positions with the
polarizabilities of molecules from that of a vacancy, in
order to take the discreteness of molecules into
account. This expression was found to explain well
the concentration dependence of the depolarization
ratio of the »; Raman line for carbon tetrachloride in
carbon disulfide solutions. This concentration
dependence cannot be analyzed using the previously
proposed local lattice model,? without any explicit
information concerning the local structure in each
solution. The shape of carbon disulfide was assumed
to be spherical, and the probability of finding mole-
cules was considered to have no concentration depen-
dence in this formulation. Therefore, the estimation
with this expression seems to be very rough. How-
ever, the result of the estimation agreed well with the
observed concentration dependence of this depolariza-
tion ratio. 'This result indicated that the finite size of
a molecule essentially affects the magnitude of the
fluctuation of the local field.

The fluctuation of the local field is affected mainly
by the region including the first and second nearest-
neighbor molecules around each molecule, because
this can be calculated using the mean-square values of
the dipolar field created by surrounding molecules.
Therefore, the fluctuation of the local field suggests
the structure of local molecular arrangements. In the
present states, the fluctuation of the local field is
found to be reflected only in the depolarization ratio
of the »; Raman line for T4 molecules. Conse-
quently, the present study indicates that, regardless of
the above-mentioned restriction, studies concerning
the local field fluctuation are useful for evaluating
model systems for discussions concerning the local
structure of solution states.
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Appendix

This Appendix presents a determination method of the
extinction coefficient of the polarization filter, 8, and the
transmittance ratio of the spectrometer for polarized and
depolarized components, y.

The transmittance ratio, v, is defined by

Y=t/ (Al)

where 7iand ty are the transmittances of linear polarized
lights which are perpendicular and parallel to the slit of the
spectrometer. The observed intensities of these two linear
polarized components, I,°** and I,”™°, are expressed as

L™=t B ty+tt1°ty (A2-a)

and

I//ObSd: tI°ty+tBIL°ty, (A2-b)
where ¢ is the transmittance of the polarization filter and
superscript © denotes the true intensities. Moreover, the
conditions with two polarization filters are considered.
The observed intensity is denoted as I, ;" when one filter is
set perpendicular and the other parallel to the slit; it is
denoted as 1,:°*" when both filters are set perpendicular to

the slit. These two intensities are expressed as
IJ_//UbSd =tito(Br I)° vy + B2 11° 71) (A3-a)
and
I = tato(Ba B I)° T+ B2 IL° T1) (A3-b)

where subscript 1 and 2 denote the two different polarization
filters.

If these two polarization filters are completely identical,
the following relations are satisfied:

h=t=tand B1=B=p. (A4)

For this condition, the extinction coefficient of the polariza-
tion filter, B, can be expressed as

(1—utvtuw) T/ (1—utvtuv)>—4u2
B= 5 » (AD)
U

where

ILObSd

Bty

= —— A6-
e (A6-a)

S
I

I//obsd

and



504 Shi-aki Hyopno

IJ__LObSd _ Bz +7

- 1™ BBy (Aob)
Simultaneously, v and ¢t are

y= I“_u’; (A7)

and

_ s = T

T o
where I°®® is the observed intensity with no polarization
filter. Equations A5-A8 were previously described in Ref.

21.

However, since it is very difficult to obtain two completely
identical polarization filters, we analyzed expressions of the
observed intensitites without the relations A4. An analysis
of the expressions was made using the following definitions:

wi= Bty (i=1,2) (A9)
=, =1,
1+Biy
BBty
vz = (A10)
BitBay
Bi=8, (Al1)
and
B=B+p. (A12)

REDUCE ver. 3.0, a computer language for mathematical
analysis, was operated on a computer, IBM 3083. Equa-
tions All and Al2 are essential for solving the expressions,
because of the complexity of the relations. The results of
the analysis are

B = [(uduzviz—rduz+2urustusvrztustufve—1ud—2uive—vi—1)
:t(url-l ){(v12+1 )(ul— 1 )
X(urufvie—3uiug—udvie—ud+2urusvia+2uius
F2ugvieH2us—33urvigtui—via—1)}1/2]

2w (uaugtugviz—urvie—1)}, (A13)
1+By)ur—(B+
B':( By)uz—(B+) ’ (AL4)
1—yu2
and
ur—fB us—(B+p8’)
= = (A15)

1—wB  1—wa(B+B)

Usually, u/~y=1, L1, and v12>>1. Therefore, sufficient
care concerning the experimental accuracy must be taken
when determinating these equations.
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